We make a phenomenological study of a model with two inert doublets plus one Higgs doublet (I(2+1)HDM) which is symmetric under a Z 2 group, preserved after Electro-Weak Symmetry Breaking (EWSB) by the vacuum alignment (0, 0, v). This model may be regarded as an extension to the model with one inert doublet plus one Higgs doublet (I(1+1)HDM), by the addition of an extra inert scalar doublet. The neutral fields from the two inert doublets provide a viable Dark Matter (DM) candidate which is stabilised by the conserved Z 2 symmetry. We study the new Higgs decay channels offered by the scalar fields from the extra doublets and their effect on the Standard Model (SM) Higgs couplings, including a new decay channel into (off-shell) photon(s) plus missing energy, which distinguishes the I(2+1)HDM from the I(1+1)HDM. Motivated by Supersymmetry, which requires an even number of doublets, we then extend this model into a model with four inert doublets plus two Higgs doublets (I(4+2)HDM) and study the phenomenology of the model with the vacuum alignment (0, 0, 0, 0, v, v). This scenario offers a wealth of Higgs signals, the most distinctive ones being cascade decays of heavy Higgs states into inert ones. Finally, we also remark that the smoking-gun signature of all the considered models is represented by invisible Higgs decays into the lightest inert Higgs bosons responsible for DM. *
Introduction
The Standard Model (SM) is the original one-Higgs-doublet model (1HDM) and represents the minimal model of Electro-Weak Symmetry Breaking (EWSB). Although the observation of one Higgs boson, with properties that are consistent with those predicted by the SM, lends support to the 1HDM, it is entirely possible that further Higgs bosons could be discovered in the next run of the Large Hadron Collider (LHC). Such a discovery would require additional Higgs multiplets.
The simplest example with extra Higgs doublets is the class of 2-Higgs-Doublet Models (2HDMs) [1] , for example the type II model predicted by the Minimal Supersymmetric Standard Model (MSSM) [2] . Of course, the general class of 2HDMs is much richer than this example, and indeed all possible types of 2HDMs have been well studied in the literature [3] . However, general 2HDMs face challenging phenomenological problems with Flavour Changing Neutral Currents (FCNCs) and possible charge breaking vacua, and it is common to consider restricted classes of models controlled by various symmetries. The introduction of symmetries into 2HDMs provides a welcome restriction to the rather unwieldy general Higgs potential, as well as solutions to the phenomenological challenges mentioned above. For example, the remaining symmetry of the potential after EWSB can have the effect of stabilising the lightest Higgs boson, which can become a possible Dark Matter (DM) candidate. In 2HDMs, the full list of possible symmetries of the potential is now known [4] .
There are good motivations for considering the case of 3-Higgs-Doublet Models (3HDMs). To begin with, it is the next simplest example beyond 2HDMs, which have been extensively studied in the literature. Furthermore, for 3HDMs, all possible finite symmetries have been identified [5, 6] . Intriguingly, 3HDMs may shed light on the flavour problem, namely the problem of the origin and nature of the three families of quarks and leptons, including neutrinos, and their pattern of masses, mixings and CP violation. Indeed it is possible that the three families of quarks and leptons could be described by the same symmetries that describe the three Higgs doublets. In such models this family symmetry could be spontaneously broken along with the EW symmetry, although some remnant subgroup could survive, thereby stabilising a possible scalar DM candidate. For certain symmetries it is possible to find a Vacuum Expectation Value (VEV) alignment that respects the original symmetry of the potential which will then be responsible for the stabilization of the DM candidate.
In a recent paper [7] , we discussed the classification of 3HDMs in terms of all possible Abelian symmetries (continuous and discrete) and all possible discrete non-Abelian symmetries. We analysed the potential in each case and derived the conditions under which the vacuum alignments (0, 0, v), (0, v, v) and (v, v, v) are minima of the potential.
1
For the alignment (0, 0, v), which is of particular interest because of its relevance for DM models and the absence of FCNCs, we calculated the corresponding physical Higgs boson mass spectrum. This led to phenomenological constraints on the parameters in the potential and, for certain parameter choices, the possibility of additional light Higgs bosons which may have evaded detection at the Large Electron-Positron (LEP) collider. It is possible that the 125 GeV Higgs boson could decay into these lighter Higgs bosons, providing striking new signatures for Higgs decays at the LHC. Motivated by Suspersymmetry, we also extended the analysis to the case of three up-type Higgs doublets and three down-type Higgs doublets (six doublets in total).
In the present paper we shall focus on the phenomenology of one of these 3HDMs, namely the one based on the minimal Abelian symmetry Z 2 under which the third Higgs doublet is even and the first and second Higgs doublets are odd. The Z 2 symmetry is therefore preserved for the vacuum alignment (0, 0, v) which we assume in this paper.
Thus we are led to consider a a model with two inert doublets plus one Higgs doublet (I(2+1)HDM). This model may be regarded as an extension of the model with one inert doublet plus one Higgs doublet (I(1+1)HDM)
1 proposed in 1976 [8] and has been studied extensively for the last few years (see, e.g., [9, 10, 11] ), by the addition of an extra inert scalar doublet. The doublet is termed "inert" since it does not develop a VEV, nor does it couple to fermions. The lightest neutral field from the two inert doublets provides a viable DM candidate which is stabilised by the conserved Z 2 symmetry. We study the new Higgs decay channels offered by the scalar fields from the extra doublets and their effect on the SM Higgs couplings. Again, motivated by Supersymmetry, which requires an even number of doublets, we then extend this model into a model with four inert doublets plus one Higgs doublet (I(4+2)HDM), for example as in the E 6 SSM [12, 13] , and first study the theory and phenomenology of the Higgs field near the vacuum point (0, 0, 0, 0, v, v) in the special tan β = 1 case, before turning to the general tan β = 1 case 2 .
The layout of the remainder of the paper is as follows. In section 2 we discuss the I(2+1)HDM of interest. In section 3 we discuss the I(4+2)HDM for the case tan β = 1. In section 4 we discuss the I(4+2)HDM for the case tan β = 1. In each case we write down the potential and its symmetries, before giving the vacuum alignment and the scalar mass spectrum, followed by theoretical and experimental constraints and phenomenological implications. Section 5 concludes the paper. 
2 , and Σ ′ = 4µ
2 . Note that the third doublet plays the role of the SM Higgs doublet.
The ranges we allow for these values in our numerical studies are:
• λ 11 , λ 22 , λ 12 , λ ′ 12 : inert parameters (inert scalars self-interactions). Relic density calculations do not depend on these parameters. Any bound on these parameters should therefore come from collider limits.
Theoretical constraints from positivity of mass eigenstates, bounded-ness of the potential and positive-definite-ness of the Hessian put the following constraints on the potential. 6 1. Positivity of the mass eigenstates:
Bounded-ness of the potential: For the V 0 part of the potential Eq. (3) to have a stable vacuum (bounded from below) the following conditions are required:
We also require the parameters of the V Z 2 part Eq. (4) to be smaller than the parameters of the V 0 part of the potential:
3. Positive-definite-ness of the Hessian: For the point (0, 0,
) to be a minimum of the potential, the second order derivative matrix must have positive definite determinant. Therefore, the following constraints are required: 
Results for the I(2+1)HDM
This is done in Figs. (2-4) . The distributions of the points surviving the theoretical constraints described in the previous subsection and the experimental ones in Eq. (15), which limit the physically acceptable values of the input parameters of the model as seen along the x-axis in the plots, is rather uniform, reaching up to a value of the invisible Higgs BR of nearly 90%, with the majority of data accumulating below the 20% mark. Hence, in the light of current experimental constraints on this variable, which place an upper value for it at approximately 40% from direct searches [16] and 20% or so from indirect ones [17, 18] , we would conclude that the I(2+1)HDM realisation discussed here is still compatible with the corresponding LHC data. Furthermore, owing to the (somewhat) increased density of points towards the lower end of the BR distribution, one should expect upcoming data from the second run of the CERN collider to closely scrutinise this model. However, we believe that the most striking signals for our I(2+1)HDM would actually be the ones induced by radiative decays of heavy inert Higgs states into the DM candidate. It turns out from our scan that the primary h decay channels inducing such a pattern are h → H 1 H 2 and h → H 2 H 2 , wherein the H 2 state decays into H 1 γ (with the photon being off-shell, thus yielding e + e − pairs) via a triangle-loop involving off-shell H ± 1,2 W ∓ pairs with 100% probability (see Fig. (5) ). In fact, the mass spectrum emerging in the inert Higgs sector prevents other possible chained decays involving the other inert Higgs states (i.e., A 1 , H ± 1 , A 2 and H ± 2 ) as the rest masses of the latter are such that none of the other h-inert-Higgs couplings listed in Appendix A can onset any other h primary decay into combinations of pairs of these heavier inert states. (In fact, the H 1 and H 2 states are always the lightest ones amongst the inert doublet ones.) Fig. (6) shows the cumulative BR of the entire decay chains h → H 1 H 2 → H 1 H 1 γ and h → H 2 H 2 → H 1 H 1 γγ as a function of the H 2 and H 1 mass difference. In the end, such decay chains could result in highly energetic Electro-Magnetic (EM) showers, one or two at a time (alongside significant missing (transverse) energy, E The new SM Higgs decay channels into off-shell photon(s) plus missing energy, enables the I(2+1)HDM to be distinguished from the I(1+1)HDM, as CP-conservation prevents such radiative decays in its inert sector.
3 The I(4+2)HDM with tan β = 1
A highly symmetric potential
In a 6HDM, the most general phase invariant part of the potential has the following form
To reduce the number of free parameters in this potential, we make use of the resemblance of this model to the I(1+1)HDM and imitate its potential structure. The general I(1+1)HDM potential has the following form
where a and i identify active and inert doublets respectively. We construct our potential by replacing the active doublet, φ a , with our two active doublets φ 5 , φ 6 , and the inert doublet, φ i , with our four inert doublets φ 1 , φ 2 , φ 3 , φ 4 . The phase invariant part of the potential, V 0 , gets the form:
+λ ai (φ H ± fields (see the mass spectra in Eq. (31) and Eq. (48)). To remove this degeneracy the following phase invariant term could be added to the potential:
Constructing the Z 2 -symmetric part of the potential depends on the generator of the group. Inspired by E 6 SSM, we impose a Z H 2 symmetry generated by:
The terms that are needed to be added to V 0 in Eq. (18)- (19) which ensure the Z 2 symmetry of the potential are the following:
Note that the VEV alignment (0, 0, 0, 0,
) respects this symmetry. Constructing the potential in this way leads to extra symmetries of the potential. The phase invariant part has an SO(4) × SO(6) symmetry. The V Z 2 part is also symmetric under the exchange of φ 5 and φ 6 as well as under any permutation of φ 1 , φ 2 , φ 3 , φ 4 . Therefore, the true symmetry of the full potential is Z
These extra symmetries could be removed by adding the following terms with complex coefficients:
These terms also introduce mixing between the active doublets and between the inert doublets which would prevent the appearance of extra massless scalars. Note that µ 
A DM candidate
In this model the DM candidate is the lightest neutral Z H 2 odd particle among others resulting from the four inert doublets. However, we shall impose an extra Z DM 2 with a generator of the form
to protect the DM candidate which is the neutral state from φ 1 , from decaying into other Z H 2 odd particles which are the fields from φ 2 , φ 3 and φ 4 doublets which are now protected by an S 3 symmetry amongst themselves. Imposing the Z DM 2 symmetry reduces Eq. (21) and Eq. (22) 
The resulting potential consistent of V 0 in Eq. (18), Eq. (19) and Eq. (24) is symmetric under the Z
group. Note that the fields from the three inert doublets, φ 2 , φ 3 and φ 4 , are also protected by their unbroken S 3 symmetry and the lightest Higgs state in this sector will be absolutely stable, providing a separate candidate for DM, in addition to the lightest Higgs state from φ 1 . The motivation for introducing the Z DM 2 is to preserve a DM candidate from φ 1 , even if the Z H 2 is broken. Note that, in the E 6 SSM, Z H 2 is not an exact symmetry [12, 13] 
were not imposed then all the four inert doublets could mix, leading to a larger variety of the possible cascade decays that we will shortly discuss.
The highly symmetric potential in E 6 SSM notation
To write the potential in the language of the E 6 SSM, we define
where H αu :
potential written in terms of the new fields has 13 the following form:
The mass spectrum
For this highly symmetric potential the vacuum alignment is of the form
Expanding the potential around this point leads to the following linear terms:
For this point to be a minimum of the potential the linear terms must vanish, therefore By construction, the above vacuum alignment respects the symmetry of the potential. Expanding the potential around this point results in
and the following mass spectrum:
Note that the base fields from the first doublet (H 
Constraints on the parameters
As it will be shown in the Feynman rules, the state h is the only field that couples to W ± and Z gauge bosons and therefore plays the role of the SM-Higgs. Furthermore, imposing m
We also require the neutral DM candidates decay channel to the charged field from the H 1u doublet to be closed, therefore:
Further constraints on the parameters are required by:
1. Positivity of the mass eigenstates:
Bounded-ness of the potential:
and we require the parameters of the V Z 2 part to be smaller than the parameters of the V 0 part of the potential:
3. Positive-definite-ness of the Hessian: and vice versa 5 . In order to quantify the latter we have performed a scan over the 9-dimensional parameter space of the model, by randomly generating points over the following intervals 6 :
in the presence of the theoretical constraints given in the previous subsection. In addition, we have enforced constraints which can be derived from experimental searches for Supersymmetric charginos and neutralinos at LEP, which can be re-interpreted in our model in terms of mass limits on the lightest Higgs states, as follows (see also Eq. (15))
> 100 GeV,
(LHC limits do not appear currently to be any stronger [19] .) Under the assumption that λ aa = 0, for which we adopt the red-star symbol in the upcoming figures, the top two frames of Fig. (7) show the BR of these two decays, as a function of m H 0 1u and m A 0 1u , separately (recall that they are mutually exclusive, as explained already and exemplified by the bottom frame in Fig. (7) ) whereas Figs. (8-9) map the same results over the 9 independent I(4+2)HDM parameters. From the former figure, it is clear that a significant contribution to the invisible h width emerges in the I(4+2)HDM, which could even be dominant, as the corresponding BR starts from zero and can reach unity (when the decay into A is the DM candidate. 6 Notice that we have fixed λ a in terms of m h = 125 GeV. direct searches for invisible h decays place the constraint on BR(h → invisible) at less than ∼ 40% [16] while fits to the LHC Higgs event rates into SM decay modes limit such an observable to no more than 20% or so [17, 18] (as already mentioned). From the latter two figures, we notice that the I(4+2)HDM is not particularly fine tuned to any region of its parameter space, as the spread of surviving points is rather uniform over the tested ranges, with the possible exception of the µ 2 i distribution, which sees a cumulation of points towards the edges of the regions delimited by the requirements of positivity of the Higgs mass eigenstates and of the Hessian.
For the more general, non-zero λ aa case we allow it to vary in the usual range
so that one gets the results presented in Figs. (7-9) using a blue-cross symbol. There is no substantial difference with respect to the previous case, apart from a noticeable enlargement of the parameter space of the coupling parameters (the λ's), owing primarily to the additional degree of freedom. In short, even for tan β = 1, when the couplings of the lightest Higgs boson are exactly those of the SM, the I(4+2)HDM reveals non-SM features which are testable at the LHC, in the form of a much larger SM-like h invisible decay width, with respect to the SM case, irrespective of the choice of λ aa .
The I(4+2)HDM for general tan β

The potential
As it was shown in section 3.4, the point (0, 0, 0, 0,
) is only a minimum of the potential in Eq. (26) if tan β = ±1. For general values of tan β, H 3u and H 3d must have non-equal mass terms, µ 2 5 , µ 2 6 , in the potential. Therefore, the potential gets the following form:
Note that introducing non-equal mass terms for H 3u and H 3d breaks the Z
symmetry and therefore the potential in Eq. (40) 
Minimising the potential requires the following equations to be simultaneously satisfied: 
Mass eigenstates
Upon EWSB the fields acquire the following VEVs:
By construction, this pattern of minimum respects the Z
symmetry of the potential.
The study of the potential is simplified if we work in the Higgs basis by rotating the doublets H 3u and H 3d and defining the new doublets H 3u and H 3d as H 3u = cos βH 3u + sin βH 3d , H 3d = − sin βH 3u + cos βH 3d .
This rotation changes the VEV alignment to
where v u = v ′ cos β and v d = v ′ sin β as before. Rewriting the potential in the Higgs basis and expanding it around the point (0, 0, 0, 0,
, 0), leads to
Note that the v ′ value resulting from Eq. (47) is equal to the one resulting from Eq. (42).
where c β and s β are cos β and sin β respectively. The Feynman rules for this potential are presented in Appendix C.
Constraints on the parameters
As it will be shown from the Feynman rules, for tan β = 1, again, only the state h can couple to W ± and Z gauge bosons and play the role of the 125 GeV SM-like Higgs. Here, the condition m We also require the neutral DM candidates decay channel to the charged field from the H 1u doublet to be closed, therefore:
• if H 0 1u is the DM candidate:
is the DM candidate:
Further constraints on the parameters are required by: 22 1. Positivity of the mass eigenstates:
2. Bounded-ness of the potential:
3. Positive-definite-ness of the Hessian:
Results for the general I(4+2)HDM case
In the tan β = 1 case the parameter µ a is replaced by µ 5 and µ 6 , which are scanned over the same interval, i.e., 0 < µ
It is worth noting that in this case both v ′ and tan β are derived parameters. The latter, in particular, is obtained through a quartic equation (Eq. (43) ). We find that only two sets of solutions are possible:
1. two real roots and two complex conjugate roots; 2. four roots real and distinct.
In each case we only keep the real roots and amongst these we select only one randomly for each set of input parameters. However, not all tan β values obtained this way are phenomenologically viable. We restrict these over the interval 1 < tan β < 50, so as to not induce unacceptable Yukawa couplings for the I(4+2)HDM considered. Also, contrary to the case tan β = 1, here, experimental constraints extracted from the LHC Higgs search are no longer automatically satisfied, owing to the Yukawa couplings being different from the SM case. Hence, we have proceeded as follows. We have asked the h state to have a mass in a window 10 GeV wide centred around 125 GeV (recall that now m h is a derived quantity) and, at the same time, its coupling strengths to fall within the error bands of either the ATLAS or CMS (when not both) measurements. The experimental results adopted here from ATLAS [20, 21, 22, 23] and CMS [24, 25, 26, 27] are based on an integrated luminosity of 4.7 fb 
From the CMS collaboration one has instead [24, 25, 26, 27 ]:
(Different measurements may be found in the specialized literature, however, we have verified that our results are rather insensitive to the consequent variations, including the recent revision by the CMS collaboration of the di-photon signal strength [28] .) All other experimental constraints enforced are as before: see Eq. (38).
The interesting non-SM-like Higgs decay channels which emerge following our constrained scan are the ones below 8 :
. Their distributions as a function of the mass of the Higgs state which is decaying are found in Fig. (10) . All such channels can be sizeable, particularly the first and last one, which can in fact be dominant (100% and 95%, respectively), whereas the second one can (exceptionally) reach the 60% level. These are Higgs boson decays which are very distinctive of this model. The first one yields the usual invisible Higgs signature, with the two channels h → H , all inert particles carry the same Z H 2 charge, and therefore the heavy inert particles (H x , H y , H z ) decay to the lightest inert particle, H 0 1u , which is the DM candidate, resulting in the aforementioned cascade decays which are of novel phenomenological interest. As the computation of the inert Higgs decay rates, which would be needed to estimate the probability of the various cascade patterns, was beyond the scope of this paper, we defer its study to a future publication. Here, we limit ourselves to confirm that the mass spectra generated in the inert sector of the I(4+2)HDM do enable such cascade patterns.
Conclusion
We have made a phenomenological study of a model with two inert doublets plus one Higgs doublet (I(2+1)HDM) which is symmetric under a Z 2 group, preserved after EWSB by the vacuum alignment (0, 0, v). This model may be regarded as an extension of the I(1+1)HDM, by the addition of an extra inert scalar doublet. The doublets are termed "inert" since they do not develop a VEV, nor do they couple to fermions. The lightest neutral field from the two inert doublets provides a viable DM candidate, which we labelled H 1 which is stabilised by the conserved Z 2 symmetry.
We have studied the new Higgs decay channels offered by the scalar fields from the extra doublets and their effect on the SM Higgs couplings. The main signature of such models is that of invisible Higgs decays from h → H 1 H 1 . However we have also identified and studied a new decay channel into off-shell photon(s), originating EM showers of up to about 30 GeV plus missing energy, which distinguishes the I(2+1)HDM from the I(1+1)HDM.
Motivated by Supersymmetry, which requires an even number of doublets, we then extended this model into another with four inert doublets plus one Higgs doublet (I(4+2)HDM), for example, as in the E 6 SSM [12, 13] . The first inert doublet φ 1 is odd under a Z DM 2 symmetry leading to the lightest φ 1 state being stable, while the three inert doublets, φ 2 , φ 3 and φ 4 , are also protected by an unbroken Z H 2 symmetry and the lightest state from this sector will also be absolutely stable.
We have analysed the theory and phenomenology of the above I(4+2)HDM for the special tan β = 1 case, before turning to the general tan β = 1 case. In the tan β = 1 case the lightest neutral state from φ 1 , either H In conclusion, following the discovery of a SM-like Higgs boson, it is entirely possible that further Higgs bosons await discovery at the LHC. It is also possible that one or more of these new Higgs bosons may be responsible for the DM of the universe. Such considerations motivate the Inert class of NHDMs considered here and, if such models are realised in Nature, then a novel and very rich phenomenology will be in store for the LHC, as our study has shown. 
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A.2 Gauge couplings
where g and g ′ are the coupling constants associated with the groups SU(2) L and U(1) Y respectively, θ W is the Weinberg angle, K and K ′ are the momenta of the associated particles.
The Yukawa couplings in the 3HDM case with (0, 0, ) are identical to the SM ones.
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C Feynman rules in the I(4+2)HDM with tan β = 1 
